We give a generalized version of the well-known Borsuk's antipodal fixed point theorem for a large class of antipodally approachable condensing or compact set-valued maps defined on closed subsets of locally convex topological vector spaces. These results contain corresponding results obtained in the literature for compact set-valued maps with convex values.
Introduction
The aim of this paper is to extend the well-known Borsuk's antipodal fixed point theorem to condensing setvalued maps F : X → E when X is a closed subset of a locally convex topological vector space. We recall that Borsuk's fixed point theorem (see the book of Dugundji and Granas [7] ) assures that any antipodal single valued map f , i.e., f(−x) = −f(x), defined from the unit n-sphere to ℝ n admits a fixed point. Recently, Bonnisseau, Chebbi, Gourdel and Hammami [3] extended this result to single valued maps defined on the boundary of an open bounded symmetric balanced subset of ℝ n+ , and then deduced the existence of a zero for an antipodally approachable set-valued map F in a finite dimensional space. This paper is a study in this direction, but in infinite dimensional space, by introducing the concept of condensing set-valued maps in Borsuk's type fixed point theorem.
In Section 2 of this paper, we first extend the notion of the class of approachable set-valued maps F : X → E by an approximative selection that is antipodal on the boundary of X. Then we give a generalized version of Borsuk's antipodal fixed point theorem for compact set-valued maps defined in an infinite dimensional space without the necessary convex values.
In Section 3, we introduce the concept of condensing set-valued maps in Borsuk's theorem and by using an important property of condensing maps, we prove a generalized version of Borsuk's antipodal fixed point theorem for such set-valued maps.
The results obtained in this paper extend corresponding results obtained in [3] and [5] . When the setvalued map is reduced to a single valued map, all these results extend the classical version of Borsuk's antipodal fixed point theorem that was stated previously.
In this paper, E stands for a Hausdorff locally convex topological vector space with a fundamental basis N of convex symmetric neighborhoods of the origin in E. If X is a subset of E, then the boundary, the interior, the closure and the convex hull of X in E are denoted by ∂X, int X,Ā and conv X, respectively. A set X ⊂ E is said to be balanced if λM ⊂ M for every real number λ with |λ| ≤ . A set X ⊂ E is said to be bounded if for each U ∈ N, there exists ρ > such that X ⊂ ρU.
If X, Y are nonempty subsets of E, then capital letters (e.g., F : X → Y) denote set-valued maps while small letters (e.g., f : X → Y) denote single-valued maps. Let Gr F = {(x, y) : y ∈ F(x), x ∈ X} denote the graph of a set-valued map F. We say that a map f is a selection of a set-valued map F if f(x) ∈ F(x) for all x ∈ X. If X is symmetric, then we say that a set-valued map F : X → Y is said to be antipodal preserving if for all x ∈ X, F(−x) = −F(x). A set-valued map F is said to be antipodal if for all x ∈ X, F(x) ∩ −F(−x) ̸ = . The concept of antipodal preserving and antipodal maps are firstly introduced in the literature for the case of single valued maps f which can be deduced from the case of set-valued maps F by taking F(x) = {f(x)} for all x ∈ X.
We recall that a set-valued map Definition 1 (see [1, 2] , and also [8, 9] for metric spaces).
We denote by A(X, Y) the class of such set-valued maps. We write
Numerous examples of approachable set-valued maps can be found in the literature, we list some in the following example.
Then F is approachable in the following cases:
(1) F is u.s.c. with nonempty convex values and X, Y are metric spaces, see [4] . (2) F is u.s.c. with nonempty convex values, X is a paracompact space and Y is convex, see [7] . (3) F is u.s.c. with nonempty contractible compact values, X is dominated by a finite polyhedron and Y is an ANR, see [1] .
Borsuk's antipodal theorem for approachable set-valued maps
We first recall the following extension of Borsuk's antipodal theorem for single valued maps, which corresponds to [3, Theorem 3.1].
Lemma 1. Let U be an open bounded symmetric balanced subset of ℝ n+ . Then any antipodal single-valued and continuous function f : ∂U → ℝ n has a zero value, that is, a pointx ∈ ∂U such that f(x ) = .
We now introduce the class of antipodally approximable set-valued maps.
Definition 2.
Let E be a Hausdorff locally convex topological space with a fundamental basis N of convex symmetric neighborhoods of the origin, X a symmetric nonempty subset of E and Y a nonempty subset of E.
(1) A set-valued map F : X → Y is said to be antipodally approachable if for all V, W ∈ N, there exists a continuous (V, W)-approximative selection for F which is antipodal on ∂X. We denote by A aa (X, Y) the class of such set-valued maps. (2) A set-valued map F : X → Y is said to be antipodally approximable if its restriction F| K to any compact subset K of X is antipodally approachable on ∂K.
The following result is a slightly different version of [3, Theorem 3.2] , and extends the classical Borsuk's antipodal fixed point theorem (see the book of Granas and Dugundji [7] ) to the case of set-valued maps. 
By hypothesis, the set-valued map F is approachable on U by functions which are antipodal on ∂U. Then, for
Consequently, Gr(f V,W ) ∩ Gr( ) = and hence f V,W does not have a zero value.
Then j is one-to-one continuous and j(x) = x on ∂U.
Then V is open, bounded, symmetric, and balanced in ℝ n+ and
Then h is a continuous antipodal single-valued function with no zero values. This contradicts Lemma 1. Thus, F has a zero value. Furthermore, by the above conclusion, the set-valued map G(x) = F(x) − x admits a zero value, i.e., there existsx ∈ U such that ∈ G(x ), hencex ∈ F(x ), and this proves the theorem. The Borsuk's antipodal theorem for set-valued maps defined on any finite dimensional space can be deduced from Theorem 1.
Theorem 2. Let U be an open bounded symmetric balanced subset in a finite dimensional vector space Y. Let also F : U → Y be a set-valued map that is u.s.c. with nonempty closed values. If F ∈ A aa (X, Y), then F has a zero value and a fixed point.
Proof. Let B = {x , x , . . . , x n } be a basis of Y, which allows us to consider Φ, the usual linear homeomorphism between ℝ n and Y. Let V = Φ − (U). Then it is easy to show that it is bounded in the usual sense. Moreover, consider the composite function G = Φ − ∘ F ∘ Φ. Then it is routine to check that (V, G) satisfies the assumptions of Theorem 1, which leads to the conclusion.
We are now ready to give the following infinite dimensional version of Borsuk's antipodal theorem for the class of antipodally approachable set-valued maps.
Theorem 3. Let X be a closed bounded symmetric balanced set in a Hausdorff locally convex topological vector space E and let F : X → E be an u.s.c. set-valued map with nonempty closed values. Suppose that F ∈ A aa (X, E) and that F is compact, i.e., F(X) is compact. Then F admits a fixed point.
Proof. We will construct the fixed point as a limit of what is called an approximated fixed point. Since F(X) is compact, then for each V ∈ N, there exists a finite subset C V of F(X) such that (y + V) ∩ C V ̸ = for each y ∈ F(X). Let H C V be the vector space spanned by C V . In what follows in this proof, we will refer to the topology of H C V .
Consider the set-valued map
Then F V is u.s.c. with nonempty compact values. Note that X ∩ H C V (resp. ∂ H S V (X ∩ H C V ) the boundary of X ∩ H C V with respect to the topology of X ∩ H C V ) is a compact subset of X (resp. ∂X). Since F is antipodally approachable on ∂X, F V is approachable on X ∩ H C V by a selection which is antipodal on
In the first case, we can apply Theorem 2 with U = int H C V (X ∩ H C V ) to obtain a fixed point x V of F V . In the second case, F V is antipodally approachable, so there exists an antipodal approximative selection s V of F V such that s V (x) ∈ F V (x + V) + V, and in particular,
Hence, in both cases, we have the existence for each
A standard argument based on the compactness of F(X), the upper semi-continuity of F and the closeness of its values (see, for example, [2] ) ends the proof.
Note that Theorem 2 and 3 extend, respectively, Theorem 6 and 7 in [5] to the case of antipodally approachable set-valued maps.
Borsuk's theorem for condensing set-valued maps
We recall the notion of condensing set-valued maps by using the definition of a measure of noncompactness firstly introduced in the literature by Kuratowski in metric spaces, and extended to locally convex spaces by Petryshyn and Fitzpatrick [10] .
Definition 3 (see [10] and [6] ). For examples of measures of non-compactness in metric spaces or locally convex topological spaces, see [6] . It should be noted that there exist Φ-condensing maps F : X → E only if for the subsets of X, precompactness coincides with relative compactness. On the other hand, a compact map F : X → E is Φ-condensing if either the domain X is complete or if E is quasi-complete. Every map defined on a compact set is necessarily Φ-condensing.
The following important property of condensing set-valued maps will prove very useful for our expected result.
Lemma 2. Assume that X is a nonempty subset of E and that F : X → E is a Φ-condensing set-valued map. Then there exists a nonempty symmetric compact and convex subset K of E such that F(K
Proof. Let x ∈ X be fixed. Let us consider the family F of all closed, convex and symmetric subsets C of E such that x ∈ C and F(C ∩ X) ⊂ C. Clearly, F ̸ = since C = conv(F(X) ∪ {x }) ∈ F. Note that C is symmetric since F is antipodal preserving. Now let K = ⋂ C∈F . Then K is convex and closed and
Furthermore, K can be chosen so that it is symmetric, otherwise, let K = K ∩ (−K) and the conclusion remains valid for K .
We are now ready to give a Bosrsuk's antipodal theorem for antipodally approximable and condensing setvalued maps. Proof. Suppose that F does not have a fixed point, i.e., for each x ∈ X, x ∉ F(x). By Lemma 2, there exists a nonempty symmetric, convex and compact subset K of E such that F(K ∩ X) ⊂ K. Since K ∩ X is compact and F is antipodally approximable, F| K∩X ∈ A aa (K ∩ X, E). Furthermore, F(K ∩ X) is compact. By Theorem 3, F| K∩X admits a fixed point.
Note that if X is complete or E is quasi-complete, Theorem 3 can be deduced from Theorem 4. Theorem 4 extends also Borsuk's antipodal fixed point theorem to the case of set-valued maps defined on non-necessarily bounded domains.
